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JUMP OF MILNOR NUMBERS
ARNAUD BODIN
Abstrat. In this note we study a problem of A'Campo about the
minimal non-zero dierene between the Milnor numbers of a germ of
plane urve and one of its deformation.
1. Problem of the jump (A'Campo)
Let f0 : (C
n, 0) −→ (C, 0) be an analyti germ of isolated singularity. A
deformation of f0 is a family (fs)s∈[0,1] of germs of isolated singularities suh
that the oeients are analyti funtions of s ∈ [0, 1].
The jump of the family (fs) is
µ(f0)− µ(fs), 0 < s≪ 1,
where µ is the Milnor number at the origin. This number is well-dened
beause µ(f0)− µ(fs) is independent of s if s is suiently small, moreover
by the upper semi-ontinuity of µ this number is a non-negative integer.
The most famous result about the Milnor number and the topology of the
family is Lê-Ramanujam's theorem [6℄:
Theorem 1. If n 6= 3 and if µ(f0) = µ(fs) for all s ∈ [0, 1] then the
topologial types of f−10 (0) and f
−1
s (0) are equal.
In other words, if the jump of the family (fs) is 0 then f
−1
0 (0) and f
−1
s (0)
have the same topologial type for suiently small s. Another motivation is
that the jump of a family is ruial in the theory of singularities of polynomial
maps at innity.
The jump λ(f0) of f0 is the minimum of the non-zero jumps of the (fs) over
all deformations of f0. The problem, asked by N. A'Campo, is to ompute
λ(f0). We will only deal with plane urve singularities, that is to say n = 2.
As a orollary of our study we prove the following:
Theorem 2. If f0 is an irreduible germ of plane urve and is Newton non-
degenerate then
λ(f0) = 1.
A losely related question of V. Arnold [1℄ formulated with our denitions
is to nd all singularities with λ(f0) = 1. S. Gusein-Zade [4℄ proved that
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there exist singularities with λ(f0) > 1 and as a orollary of a studied of the
behaviour of the Milnor number in a deformation of a desingularization he
proved Theorem 2 for all irreduible plane urves.
This note is organized as follows, in paragraphs 2 to 5 we dene and
alulate a weak form of the jump : the non-degenerate jump. In paragraph
6 we prove Theorem 2 and in paragraph 7 we give estimations when the germ
is not irreduible. Finally in paragraph 8 we state some onjetures for the
jump of xp − yq, p, q ∈ N and end by questions.
Aknowledgments : I am grateful to Norbert A'Campo for disussions.
2. Ku²nirenko's formula
We rstly reall some denitions (see [5℄). Let f(x, y) =
∑
(i,j)∈N2 ai,jx
iyj
be an analyti germ of plane urve. Let supp(f) = {(i, j) ∈ N2 | ai,j 6= 0}
and Γ+(f) be the onvex losure of
⋃
(i,j)((i, j)+R
2
+) where (i, j) ∈ supp(f)\
{(0, 0)}. The Newton polygon Γ(f) is the union of the ompat faes (alled
the slopes) of Γ+(f). We often identify a pair (i, j) ∈ N
2
with the monomial
xiyj . Let f be onvenient if Γ(f) intersets both x-axis and y-axis.
For a fae γ of Γ(f), let fγ =
∑
(i,j)∈γ ai,jx
iyj . Then f is (Newton) non-
degenerate if for all faes γ of Γ(f) the system
∂fγ
∂x
(x, y) = 0 ;
∂fγ
∂y
(x, y) = 0
has no solution in C
∗ × C∗.
For a Newton polygon Γ(f), let S be the area bounded by the polygon
and a (resp. b) the length of the intersetion of Γ(f) with the axes x-axis
(resp. y-axis). We set
ν(f) = 2S − a− b+ 1.
For a onvenient germ f the loal Milnor number veries [5℄ :
Theorem 3.
• µ(f) > ν(f),
• if f is non-degenerate then µ(f) = ν(f).
3. Non-degenerate jump for urve singularities
We will onsider a weaker problem: Let f0 be a plane urve singularity and
we suppose that (fs) is a non-degenerate deformation that is to say for all
s ∈]0, 1], fs is Newton non-degenerate. The non-degenerate jump λ
′(f0) of f0
is the minimum of the non-zero jumps over all non-degenerate deformations
of f0. The new problem is to ompute λ
′(f0), in this note we explain how to
ompute it.
Obviously we have λ(f0) 6 λ
′(f0) but this inequality an be strit. For
example let f0(x, y) = x
4 − y4, then λ′(f0) = 3 whih is obtained for the
family f ′s(x, y) = x
4 − y4 + sx3. But λ(f0) 6 2, by the degenerate family
fs(x, y) = x
4 − (y2 + sx)2 of jump 2.
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4. Computation of the non-degenerate jump
For a onvenient f0 there exists a nite set M of monomials x
pyq lying
between the axes (in a large sense) and the Newton polygon Γ(f0) (in a strit
sense).
Lemma 4. If f0 is non-degenerate and onvenient then
λ′(f0) = min
xpyq∈M
(
µ(f0)− µ(f0 + sx
pyq)
)
,
for a suiently small s 6= 0 (the minimum is over the non-zero values).
Proof. The proof is purely ombinatori and is inspired from [2℄. For any
polygon T of N×N, we dene as for ν a number τ(T ) = 2S − a− b. Then τ
is additive : let T1, T2 be polygons whose verties are in N×N, and suh that
T1 ∩ T2 has null area then τ(T1 ∪ T2) = τ(T1) + τ(T2). By this additivity we
an argue on triangles only. Moreover for a polygon T that do not ontain
(0, 0) we have τ(T ) > 0.
Now the jump for a non-degenerate family (fs) orresponds to τ(T ) where
T is the polygon between Γ(f0) and Γ(fs) (0 < s ≪ 1). Minimizing this
jump is equivalent to minimizing τ(T ). It is obtained for a polygon T for
whih all verties exept one are in Γ(f0) and the last vertex is in Γ(fs).
Then it is suient to add only one monomial orresponding to the latter
vertex to obtain the required deformation. 
With this method we do not ompute µ(f0), nor µ(f0+sx
pyq) but diretly
the dierene.
For a degenerate funtion f we denote by f˜ a non-degenerate funtion
suh that f and f˜ have the same Newton polygon: Γ(f0) = Γ(f˜0). The
non-degenerate jump for a degenerate funtion f0 an be omputed with the
easy next lemma:
Lemma 5. Let f0 be degenerate.
• λ′(f0) = µ(f0)− µ(f˜0) if µ(f0)− µ(f˜0) > 0,
• else λ′(f0) = λ
′(f˜0).
5. An example
For a given polynomial f0 it is very fast to see who will be the good
andidates xpyq and hene to nd λ′(f0) after a very few alulus: we use
that µ(f0)− µ(f0 + sx
pyq) = τ(T ) where T is the zone between the Newton
polygon of f0 and the one of f0 + sx
pyq.
For example let f0(x, y) = x
4 − y3. We draw its Newton polygon (see
Figure 1). We easily see that the monomials xpyq that are andidates to
minimize τ for the zone between the Newton polygons are x3 (that will give
a zone with τ(T ) = 2) and xy2 that will give a zone with τ(T ) = 1. In that
ase the deformation will be fs(x, y) = x
4 − y3 + sxy2 and the jump of f0 is
1.
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Figure 1. Example f0(x, y) = x
4 − y3
6. Irreduible ase
In some ases we are able to give a formula for the omputation of the
jump. For example if f0(x, y) = x
p − yq, with gcd(p, q) = d then by Bézout
theorem there exists a pair (a, b) suh that xayb is in M and suh that the
area T orresponding to the deformation fs(x, y) = x
p − yq + sxayb is equal
to d/2.
As an appliation we prove Theorem 2 ited in the introdution.
Theorem 6. If f is irreduible and non-degenerate then λ(f) = λ′(f) = 1.
Proof. We reall some fats from the book of Brieskorn-Knörrer [3, p.477℄.
For a germ of urve f , the number of slopes of a Newton polygon Γ(f) is
lower or equal to the number r of irreduible omponents.
Moreover let R be the number of lattie points that belongs to Γ(f) minus
1. Then if f is non-degenerate we have R = r. The non-degenerate ondition
is not expliit in [3℄ but it is stated with an equivalent ondition (a fae is
non-degenerate if and only if the orresponding polynomial gi of [3, p.478℄
has only simple roots).
Then for an irreduible singular germ f , Γ(f) has only one slope and f
is onvenient; moreover if f is non-degenerate then the extremities of Γ(f),
say xp and yq, verify gcd(p, q) = 1. The non-degenerate jump of f is the
same as for f0 = x
p − yq and is equal to 1 by Bézout theorem. Then
λ′(f) = λ′(f0) = 1, as 0 < λ(f) 6 λ
′(f) = 1 it implies λ(f) = 1. 
7. Non irreduible ase
More generally if f is onvenient, non-degenerate, with one slope, let xp,
yq be the extremities of the Newton polygon of f . Then f has the same non-
degenerate jump as f0 = x
p− yq, we suppose p > q and we set d = gcd(p, q).
The formula for λ′(f0) is given by:
(1) If 1 6 d < q 6 p then λ′(f0) = d whih is reahed by a family
fs(x, y) = x
p − yq + sxayb, a, b given by Bézout theorem.
(2) If gcd(p, q) = q, i.e. d = q then λ′(f0) = q − 1 whih is reahed with
fs(x, y) = x
p − yq + sxp−1.
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We will give in paragraph 8 a onjetural value for λ(xp − yq).
If there are several slopes with f onvenient and non-degenerate then we
an estimate λ′(f). Let f =
∏k
i=1 fi be the deomposition of f aording
to the slopes of Γ(f) (notie that fi is not neessarily irreduible). If fi is
a smooth germ then we set (by onvention) λ′(fi) = 1. In fat fi is smooth
if and only if the orresponding slope Γi with extremities Ai, Bi veries
|xBi − xAi | = 1 or |yBi − yAi | = 1. Then the following an be proved:
Lemma 7. Let f be a onvenient non-degenerate germ with several slopes,
let f =
∏k
i=1 fi be the deomposition aording to the slopes.
(1) If all the fi are smooth then λ
′(f) = 1.
(2) If none of the fi is smooth then
min
i=1..k
λ′(fi) 6 λ
′(f) 6 max
i=1..k
λ′(fi).
(3) In the other ases we have
min
i=1..k
λ′(fi) 6 λ
′(f) 6 max
i=1..k
λ′(fi) + 1.
We give some examples:
(1) The family fs(x, y) = (x + y
4)(x + y2)(x2 + y) + sy4 is of non-
degenerate jump 1.
(2) The family fs(x, y) = (x
8− y6)(x3− y2)+ sxy7 gives λ′(f0) = 2 with
λ′(x8 − y6) = 2 and λ′(x3 − y2) = 1.
(3) The family fs(x, y) = (x
8 − y6)(x3 − y2)(x4 − y4) + sx5y7 veries
λ′(f0) = 2 while λ
′(x8−y6) = 2 and λ′(x3−y2) = 1 and λ′(x4−y4) =
3.
(4) The family fs(x, y) = (x+y
3)(x4+y4)(x2+y)+sy5 veries λ′(f0) = 4
with the smooth germs x+ y3, x2 + y and λ′(x4 + y4) = 3.
8. Conjetures for the jump
We give a onjetural value for λ(f0) in the ase that f0 = x
p − yq with
p > q.
(1) If gcd(p, q) = 1 then λ(f0) = λ
′(f0) = 1.
(2) If p = q and q is prime then λ′(f0) = q−1, with the family fs(x, y) =
xq+yq+sxq−1. And we onjeture that λ(f0) = q−2 with the family
fs(x, y) = x
q + yq + s(x+ y)q−1.
(3) If p = kq (k > 1) and q is prime, then λ′(f0) = q−1, with the family
fs(x, y) = x
p + yq + sxp−1. It is onjetured that λ(f0) = λ
′(f0).
(4) If q is not prime and p = kq, k ∈ N∗ then let q = ab with a > 2 the
smallest prime divisor of q. Then λ′(f0) = q − 1 = ab − 1 for the
family fs(x, y) = x
p−yq+sxp−1. It is onjetured that λ(f0) = ab−b,
whih jump is reahed for the family fs(x, y) = x
p − (ya + sxka−1)b.
(5) If gcd(p, q) = d with 1 < d < q 6 p then λ′(f0) = d. And it is
onjetured that λ(f0) = d too.
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We make a remark for point (4), let g0(x, y) = x
p/b−yq/b = xka−ya. Then
g0 veries the hypotheses of point (3) where we have onjetured λ(f0) =
a − 1 for the deformation gs(x, y) = x
ka − ya − sxka−1. Then we alulate
gs(x, y)
b = (xka−ya−sxka−1)b whih is of ourse not a redued polynomial.
We develop and we have an approximation of gs(x, y)
b
if we set fs(x, y) =
xkab − (ya + sxka−1)b = xp − (ya + sxka−1)b with a jump equal to ab− b.
Apart from the onjetures above we ask some questions. Even if it seems
hard to give a formula for the jump, maybe the following is easier:
Question 1. Find an algorithm that omputes λ.
Finally the problem of the jump an be seen as a weak form of the problem
of adjaeny. For example the list of possible Milnor numbers arising from
deformations of f0(x, y) = x
4 − y4 is (9, 7, 6, 5, 4, 3, 2, 1, 0). Then the gap
between the rst term 9 = µ(f0) and the seond term is the jump λ(f0) = 2.
Then the following question is a generalization of the problem of the jump.
Question 2. Give the list of all possible Milnor numbers arising from defor-
mations of a germ.
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